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for astronomical and other calculations was mainly the work of Briggs,
who undertook the tedious work of calculating and preparing tables of
1ogarithms."27 In 1624 he published his tables of l4-place logarithms
of numbers from 10,000 to 20,000 and from 90,000 to 100,000.28 The
calculation of the logarithms of the 70,000 numbers omitted by Briggs
was performed by Adrian Vlacq and published in 1628.29

| Briggs and Vlacq combined their tables giving the logarithms of

the numbers up to 100,000 and published them under the title, Arith-

metica Logarithmetica., These claculations have "only recently been

superseded when, between 1924 and 1949, extensive 20-place tables were
calculated in England in partial celebration of the tercentenary of the
discovery of logarithms."30

Briggs succeeded in convincing Kepler of the advantages of
Napier's discovery and, as a result, the spread of the use of loga-
rithms was more rapid because of the zeal and reputation of Kepler,
Keplér's tables of 1625 and 1629 brought logarithms into vogue in
Germany, while Cavalieri in 1624 and Wingate in 1626 did a similar
service for Italian and French mathematicians, respectively.31

Kepler in his discovery and presentation of the three laws of

motion spent about twenty-two years of incessant calculation without

logarithms, With this in mind Bell states that "the history of

278a11, p. 237.

28Hofmann, The History of Mathematics, p. 112,

2%8a11, p. 196.

3OEves, p. 243, |

31

Ball, p. 237.
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logarithms is another epic of peréeverance second only to Kepler's"32
But when it is remembered that Napier died before Descartes introduced
the notation'for powers, we cease to wonder why it took him all of
twenty Years to réason out the existence and propérties of logarithms,
The invention of logarithms and the calculation of the earlier
tables
form a very striking episode in the history of exact science, and,
with the exception of the Principia of Newton, there is no mathe-

matical work published in the country which has produced such
important consequences, or to which so much interest attaches as

to Napier's DescriEtio.33

32Bell, The Development of Mathematics, p. 161,

33J. W. L. Glaisher, "Logarithms," Encyclopaedia Britannica,

11th ed., XVI, 877,




CHAPTER III

TRIGONOMETRY

Beginnings in the Ancient World

Trigonometry (trigonon - triangle, metron - measure), the branch
of mathematics treating the measurement of triangles, like other
branches of mathematics, was not the work of any one man - or nation.l
The subject of trigonometry is an excellent exémple of a branch of math-
ematiés the investigation of which was motivated by both practical and
intellectual interests - surveying, map making, and navigation on the
one hand, and curiosity about the size of the universe on the other.

The origins of trigonometry are obscure,

There are some problems in the Rhind papyrus which seem to involve

the cotangent of the dihedral angles at the base of a pyramid, and

« « « the Babylonian cuneiform tablet, glimpton 322, essentially
contains a remarkable table of secants.

The date, 1650 B.C., is the approximafe date of the Rhind (or
Ahmes) papyrus, a ma;hematical text partaking of the nature of a practi-
cal handbook aﬁd containing 85 problems copied in hieratic writing by
the scribe Ahmes from an earlier work. The papyrus was purchased in

Egypt by the English Egyptologist A. Henry Rhind.3 "Problem 56 of the

1Edna E. Kramer, The Main Stream of Mathematics (New York:

Oxford University Press, 1955), p. 121.

Howard Eves, An Introduction to the History of Mathematics
(New York: Holt, Rinehart and Winston, 1953), p. 151,

3Ibid., p. 37.
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Rhind Papyrus is of special interest in that it contains rudiments of
trigonometry and a theory of similar triangles."4

Perhaps the most remarkable of the Bébylonian mathematical tab-
lets yet analyzed is that known as Plimpton 322, meaning that it is the
iteﬁ with catalogue number 322 in the G, A,,Plimpton collection at
Columbia University. The tablet is written in Old Babyionian script,
which dates it somewhere from 1900 to 1600 B.C., and it was first de-
~scribed by Neugebauer and Sachs in 1945.5 Analysis shows that tablet
322 "has deep mathematical significance in the theory of numbers and
that it was perhaps related to a kind of prototrigonometry."6

It may be that modern investigations into the mathema;ics of
ancient Mesopotamia will reveal an appreciable development of practical

trigonometry. "The Babylonian astronomers of the fourth and fifth cen-

turies B,C, had accumulated é‘considerableﬁﬁéss of observational data
and it is now known that much of this passed on to the Greeks."7

"The mathematics ofvancieﬁt Egypt; contréry to much popular
opinion, never reached the level étfained_by Babylonian mathematics."8
This may have been due to the more advanced economic development of
- Babylonia, Babylonia was located on a number Qf.gréat caravan routes,
while Egypt stood in semi-isolation. "Ne;ertheless, until the recent

deciphering of so many Babylonian mathematical tablets, such as Plimpton

4Carl B. Boyer, A History of Mathematics (New York: John Wiley
& Soms, Inc., 1968), p. 19.

5Eves, p. 33.
6Boyer, p. 37.

7Eves, p. 151,

81bid., p. 36.
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322, Egypt was long the richest field for ancient historical research."9

Certain problems in the Ahmes papyrus may be interpreted to show
that the Egyptians made use of trigonometric functions in building the -
pyramids. In fact, the word seked, which appears in these problems, may
mean the cotangent of the angle made by the face of a pyramid with its
base.

Considerable doubt has been cast on this interpretation, however,
and all that can be said with certainty with regard to trigonometry
in Egypt is that, if it existed at all, it was elementar¥oin form

- and occurred only in connection with practical problems.

In Greece the development of trigonometry was much slower than
was that of demonstrative geometry. The reason lies in the wide sepa-
ration made by the Greek philosophers between work that had practical
application and that which was purely abstract.‘ Nonetheless,

the Greeks had started with an almost barren world and formed from
it geometry, They had laid the foundations and set standards for
all of science, They TTd completely mastered geometry and made a
start in trigonometry.

For some two and a half centuries, from Hippocrates to
Eratosthenes, Greek mathematicians had studied relationships between
lines and circles and had applied these in a variety of astronomical
problems, but no systematic trigonometry had resulted.12 Then, presum-~
ably during the second half of the second century B.C., Hipparchus, "the

greatest astronomer of the ancient world, created the brénch of mathe-

matics that was so ingeniously applied to the charting of the earth

9Eves, p. 36.

10Vera Sanford, Short History of Mathematics (Atlanta: Houghton
Mifflin Company, 1930), p. 291.

llJane Muir, Of Men and Numbers (New York: Dodd, Mead & Company,
1966), p. 25.

12Boyer, p. 178,




and heavens."13

The mathematicians at Alexandria were more interested in prac-
tical applications than were the followers qf Pythagoras. It happened
also that the rich commercial city of Rhodes aspired to be a center of
scientific activity. Her observatory was justly famous and it was there
that Hipparchus made a catalogue of upwards of eight hundred fifty stars,
placing each by its own latitude and longitude, He seems to be the
first man to make a systematic use of trigonbmetry.14

The basis of Hipparchus' method is the theorem of geometry which
states that if two triangles are similar, the ratio of the lengths of
any two sides of one triaﬂé&e equals the torrespoﬁding ratio of the
other. "From this Hipparchus concluded that the ratio of the side oppo-
site angle A to the hypotenuse of the triangle must be the same in any
right triangle containing angle A.";Sr Being a mathematician as well as
an astronomer, he devised a method of calcﬁlating these ratios for any
right triangle and listed the results in famous tables,

Thus Hipparchus "formulatea a table of sines aﬁd used it to find
the distance of the ﬁoon from the‘earth."16 He calculated the radius
and diameter of the earth and through the power of his methods, the
Alexandrian Greeks established map-making as a science. Their maps
offered the best knowledge of the earth up to the time of the great

explorations in the fifteenth and sixteenth centuries, Hipparchus

13Morris Kline, Mathematics in Western Culture (New York:
Thomas Y. Crowell Company, 1959), p. 67.

14Sanford, pp. 291-92,

15Kline, Mathematics in Western Culture, p. 68.

16Lancelot Hogben, Mathematics for the Million (New York: W. W.

Norton & Company, Inc., 1937), p. 233.
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himself had instituted the system of locating points on the surface of
the earth by means of latitude and longitude, the very system used
universally today.17

"Hipparchus calculated a table of chords of angles inscribed in
a circle of given radius, dividing the circle into 360 degrees and the
radius into 60 equal parts."18 He knew that the sum of the squares of
the chord of a given arc and of its supplementary arc was equal to the
square of the diameter of the circle, a relation which reduces to our
formula sinzx + coszx = l. This knowledge made it unnecessary to con-
sider other functions of an angle or ofbits arc.19

From Hipparchus' day to the preéentjtime, trigonometry has been
the special handmaiden of the éstronomer, at the éame time expanding its
services to apply to all fields wherg practical geometry was the orig-
inal, cruder tool, as well as’to thbse situations arising out of the
inevitable periodicity in nature's and man's affairs.

"About A.D., 100, Menelaus, a native of Alexandria, wrote a
treatise on spherical trigonometry entitied SEhaerica."ZO This work
along with a variety of others by Menelaus, is lost to us. Fortunately,
however, Menelaus' three-book treatise has been preserved in the Arabic
and throws considerable light on the Greek development of trigonometry.21

After the dawn of the Christian era, mathematics continued to be

17Kline, Mathematics in Western Culture, pp. 71-72.

18Raymond Clare Archibald, Outline of the History of Mathematics

(Lancaster, Pennsylvania: Lancaster Press, Inc., 1932), p. 22.

19Sanford, p. 292,

207414,

21Eves, p. 155,
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studied at Alexandria, but interest in the subject for its own sake
steadily declined, and gradually ip/beéame a%cillary to other subjects,
notably astronomy.22 The outstanding figure of this period was Ptolemy,
who flourished about the middle of thé second.centﬁry A.D.

Ptolemy was an astronomer, and his great work, Syntaxis mathe-

matica, is primarily a treatise on astronomy. Nevertheless, its impor-
tance in the history of mathematiés is coﬁsidefable, inasmuch as it may
» be regarded as the earliest systematic treatise on trigonometry. Eves
claims that "it was based oﬁ the wfitings §f’Hipparchﬁs and.is noted for
its remarkable compactness and elegance."23 Similarly, Dantzig believes
that "the works of Hipparchus and his follower Menelaus were lost, but
the essential features of béth treatises were incorporated in Ptolemy's
Almagést which appeared about A.D. 150."24

To distinguish the Syntaxis from lesser works on astronomy,
later commentators assigned to it the superlative mégiste, or greatest,
Still later, the Arabian translators prefixed the Arabian article al,
and the work has ever sinqe‘been known as the Almages .25‘ The work con-
tains a study of the heavenly bodies, considering the earth as the center
of the system,

In the Almagest, Ptolemy

divides the circle into 360 degrees; the diameter into 120 divisions,

each of these into 60 parts, which are again divided into 60 smaller
parts. In Latin, these parts were called partes minutae primae and

22J. F. Scott, A History of Mathematics (New York: Barnes &
Noble Inc., 1969), p. 44,

23Eves, p. 154,

24Tobias Dantzig, The Bequest of the Greeks (New York: Greenwood
Press, 1955), p. 170.

235ves, p. 154.
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. . 26
partes minutae secundae. Hence our names "minutes" and "seconds."

Ptolemy, according to Waerden, "does not know any rules for
oblique triangles, such as our laws of sines and cosines. When he is
dealing with oblique triangles, he always divides them into right
triangles."27 Neither Ptolemy, nor indeed any of the Greeks of the
period, employed the ratios which we now call the ffigonometric func-
tions. Instead, they spoke of the chord of an angle, by which they
meant the length of the chord standing on the arc of a circle subtending

. 28
a given angle at the center,

When Ptolemy set out to construct a table of chords for all the
angles from %° to 180° in stepé of %°, he was, in effect,.constructing a
table of sines of angles from %° to 90° in steps of %°. In order to
extend his table Ptolemy had to make use of a number of relations known

. 2 2 .2 29
today as: sin“@ + cos"@ = 1 and sin" 6 = %(1 - cos 20). From Ptolemy's
theorem regarding a quadrilateral inscribed in a circle the well-known

formulae for sin (A + B) and cos (A + B), among others, are readily |

derived.30

Contributions of the East

After Ptolemy, interest in astronomy waned, and with it, any

urge to study trigonometry. Not until the fifth century was there any

26Florian Cajori, A History of Elementary Mathematics (New York:
Macmillan Company, 1924), p. 84.

27B. L. van der Waerden, Science Awakening, trans., by Arnold

Dresden (New York: Oxford University Press, 1961), p. 271,

28Scott, p. 44,

291pid., pp. 48-49.

304rchibald, p. 22.
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sign of a revival, and this first appearedkin the Orient., The Hindus
have always shown themselves skilled in the art of computation, and they
readily seized upon the astronoﬁical learning of the Alexandrian School
and this in turn led to a renewal of interest in the underlying science
of trigonometry.31
The Hindus, as the Greeks, regarded trigonometry as a tool for
their astronomy. They used our familiar degree, minute, and second
divisions, |
They did not, like the Greeks, reckon with the whole chord of double
a given arc, but with the sine of the arc (i.e. half the chord of
double the arc) and with the versed sine (versin A = 1 - cos A) of
the arc,
They also "computed the sines of halves of angles by the relation versin
2A = ZSinzA."33 Rarely did the Hindus use the cosine function; it was
nearly always the sine of the complement. There is no evidence of their
use of the tangent function;34
Aryabhata (A.D. 476-550), a distinguished astronomer-mathe-
matician, adopted another measure for the radius which enabled him to
express the sines of angles in something like our circular measure, He
knew that the ratio of theléircumference to the diameter was 3.1416 to
unity.35
About 510 A.D., Aryabhata célled Ehe half chord fhe Jya or jiva

(chord). Arab translators made this into the word for gib, which,

31Scott, p. 50,

32Cajori, A History of Elementary Mathematics, p. 124,

33Eves, p. 188, |

34Scott, p. 50,

35Ibid.
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because of its similarity in sound to their word for "fold" or "bay,"
confused the two meanings or at least drew no distinction between them,
Accordingly, the word was translated into Latin as sinus (a fold) and
later it became sine.

The Hindu contributions to trigonometry were largely in the
direction of computation of tables, '"Bhaskara who lived in the twelfth
century,was probably the greatest of the Hindu mathematicians."37 He
appears to have had the notion of the sine as a ratio, namely, the ratio
of the arc to the radius, thus giving a method for deriving sines for
angles of.every degree,

ihe Hindus who worked in mathematics regarded themselves primar-
ily as astronomers, and thus Hindu mathematics remained closely related
to astronomy; whereas with the Greeks, mathematics attained an indepen-
dent existence and was studied for its own sake,

Of considerable importance for the preservation of much of world
culture was the manner in which the Arabs seized upon Greek and Hindu
erudition. The Bagdad caliphs not only governed well but many became
patrons of learning and invited distinguished scholars to their courts.3
The Arabs made but few origimal contributions, but, having obtained a
copy of the Almagest, they readily seized upon Ptolemy's method of cal-
culating the lengths of the chords of various angles. They also had
considerable commercial intercourse with the Hindus, and from them they

. . . . 9
acquired a number of formulae, which were in common use with them.3

36Kramer, p. 126,
37Scott, p. 51,
38Eves, p. 190,

35cott, p. 52.
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Foremost among the Arabs was Abategnius or Al Battani (d. 930).
He "compiles tables giving the lengths of the shadow cast by a rod 12
units in lengﬁh when the altitude of the sun was 1°, 2°, 3°, , ., ., , aﬁd
so we have from him tables of cotangents (umbra versa) and tangents

(umbra extensa)."40

Probably the most celebrated Moslem mathematician of the tenth
century was Abu'l-Wefa (940-998), born in the Persian mountain region of
Khorasan. "He is known for his translation of Diophantus, his intro-
duction of the tangent function into trigonometry, and his computation
of a table of sines and tangents for 15' intervals."41 Scott adds that
Abu'l Wefa "was the first to introduce the tangent as an independent
function and not merely as the ratio of the sine to the cosine."42

About 1250 a Persian astronomer, Nasir al-Tusi,

collected all the known knowledge of trigonometry, added parts to it,
and set it all down into a complete work, the first time in which
plane trigonometry is regarded as a science in itself, He used the
sine theorem, but as there was no cosine theorem at his time he
solved obllgue triangles by means of auxiliary right-angled
triangles.

Finally, there was Ulugh Beg, a fifteenth-century Persian as-
tronomer of royal blood, who compiled remarkable tables of sines and
tangents for one minute intervals correct to eight or more decimal

places.44

Numerous Hindu and Greek works in astronomy, medicine, and

40Scott, p. 52.

41Eves, p. 191,
42Scott, p. 52,

4
' 43H A, Freebury, A Hlstory of Mathematlcs (New York: Macmillan
Company, 1961), p. 151. .

44Eves, p. 191,
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mathematics were industriously translated into the Arabic tongue and
thus were saved until later European scholars were éble to retranslate
them into Latin and other languages. But for the work of Arabian schol-
ars much of Greek and Hindu science would have been irretrievably lost

over the long period of the Dark Ages.,

Trigonometry in Europe

The thirteenth and fourteenth centuries produced very few mathe-
maticians of any stature, Of these none made any significant contribu-
tion tb the field of trigonometry., By the beginning of the fifteenth
century a turning point was reached. The Revival of Learning had
already taken shape, and although it is customary to regard this as a
literary movement, its impact upon the pfogress of mathematics was not
insignificant., The docility with which ready-made doctrines had been
accepted was replaced by a wholesome desire for independent thinking and
this led to a more careful scrutiny of natural phenomena,

As the locus of activity in astronomy moved to Europe, so also
did the new trigonometry. "A new and fundamental European contribution
was the replacement of verbal rules by appropriate symbols."45 This
development was greatly stimulated by the invention of the printing
press (c. 1450), The increased interest in mathematics is also re-
flected in the revival of interest in naviggﬁion, especially in maritime
countries, r

"Mathematics did not lag behind in this great revival, and soon

it began to acquire a commanding position such as it had not known since

45Natlonal Council of Teachers of Mathematics, Historical qu;cs
for the Mathematics Classroom, Thirty-first Yearbook (Washingtonm, D.C.
National Council of Teachers of Mathematics, 1969), p. 334,
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the decline of Hellenic culture."46 Mathematical activity in the fif-
teenth century was largely centered in the Italian cities and in the
central European cities of Nuremberg, Vienna, and Prague,
The author Struik claims thathegiomontanus was the "leading
mathematical figure of the fifteenth century."47 Eves likewise states:
The ablest and most influential mathematician of the century was
Johann Muller (1436-1476), more generally known from the Latinized
form of his birthplace of Konigsberg (king's mountain), as
Regiomontanus., At a young age he studied under Peurbach in Vienna
and was later entrusted with the task of completing the latter's
translation of the Almagest.48

Regiomontanus completed the task and also translated Apollonius,

Heron, and the most difficult of all, Archimedes, His own work on trig-

onometry, De Triangulis Omnimodus, written about 1464, but posthumously
published in 1533, "was the first European systematic exposition of
plane and spherical trigonometry."49 This work was divided into five

books, the first four devoted to plane trigonometry and the fifth to

spherical trigonometry., The ?nly functions employed in De Triangulis
N ‘ '

are the sine and cosine. Lat%r, however, Regidhontanus computed a table
N 5 ”\ .
of tangents.
An interesting anecdote tells that in 1475 ﬁégiomoﬁfénus was
invited to Rome by Pope Sixtus IV to partake in the reformation of the

calendar. Shortly after his arrival, at the age of forty, he suddenly

died. Some mystery shrouds his death, for, though most accounts claim

46Scott, p. 84.
47Dirk J. Struik, A Concise History of Mathematics (New York:
Dover Publications, Inc., 1948), p. 108,

48Eves, p. 212,

“9archibald, p. 27.

Ofves, p. 213.
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he probably died of a pestilence, it was rumored that he was poisongd by
an enemy.,

Regiomontanus "was probably the most gifted man that Europe had
produced since Leonardo of Pisa. To him we are indebted for many trans-
lations and commentaries as well as several original and valuable con-
tributions of his own."52

In the sixteenth century, Nicolas Copernicus (1473-1543) of
Poland was prominent among the astronomers who stimulated mathematics.
His theory of the universe was completed in 1530, but was not published
until the year of his death in 1543, Copernicus' work necessitated the
improvement of trigonometry, and Copernicus himself contributed a

. 5
treatise on the subject. 3

"The leading mathematical astronomer in Teutonic countries in

the sixteenth century, and a discipie éf Coperhicus, was Georg Rhaeticus
(1514-1576)."54 He spent twelve yéars with h;red‘combuterS'forming two
remarkable and still useful trigonometrié tébles. One was a ten-place
table, of all six of the trigonometric functions,. for every 10" of arc;
the other was a fifteen-place table for sines fdr every lO'yof arc,
Rhaeticus was the first to definé the trigonometric funétiohs as ratios
of the sides of a right triangle.55

The greatest French ﬁafhematician of ‘the sixteenth century was

Francois Viete (1540-1603), better known by his semi-Latin name of Vieta.

>51Eves, p. 212,
52Scott, p. 85.
53Eves, p. 226.

54Archibald, p.

55Eves, p. 226,
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He was a lawyer and member of parliament who devoted most of his leisure

time to mathematics. Vieta's Canon mathematicus seu ad triangula (1579)

contains some notable contributions to trigonometry.
It is perhaps the first book in Western Europe systematically to
develop methods for solving plane and spherical triangles with the
aid of all six trigonometric functions., Vieta obtained expressions
for cos n® as a function of @ forn=1, 2, . . ., 9,36
In 1593, Bartholomew Pitiscus (1561-1613), a German clergyman,
edited and perfected Rhaeticus' table of sines, Later in 1600, he pre-
sented "a systematic and straightforward text-book on the subject with
all the propositions and tables clearly set out."57 Trigonometria, as

it was called, was "the first work on the subject to bear this title."58

In the seventeenth century, Albert Girard (1595-1633), one of
the most distinguished mathematicians the Netherlands has produced,
"published a work on trigonometry in which are to be found for the first
time the contractions, sin, cos, tan, for the trigonométric functions."59
The term éosine, for the sine of the complement of the angle, is
due to Edmund Gunter (1620), who suggested combining the terms complement
and sine into co,.sinus, which was soon modified to cosinus and angli-
cized to cosine. He also gave the Latin equivalent of cotangent of A
for complement tangent of A, which stood for tangent of the‘compiement
of A, 1In 1674, Jonas Moore gave thé abbrevia%ion-cot fof cotangent,

An eighteenth century mathematician who made important

56Eves, pp. 222-23,

57E. G. R, Taylor, The Mathematical P%actioners”of Tudor and
Stuart England (Cambridge: University Press, 1954), p. 52.

58Eves, p. 226,
59Scott, p. 230,

60National Council of Teachers of Mathematics, pp. 371-74,
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contributions to trigonometry was Leonhard Euler (1707-1783), who was
born in Switzerland and studied mathematigs there under Johann Bernoulli.

In Euler's Introductio in analysin infinitorum, written in 1745, he

created order in the still somewhat uncertain field of mathematical
notation; Euler's notation (with few exceptions) isrour~notation.
The symbols sin, cos, e, althou%h occasionally used before, from now
on received general acceptance, 1 -

In trigonometry, Euler improved

the calculation of sines and put the whole subject on a algebraic
rather than a geometric basis. Until he came along, trigonometry
consisted of a number of unrelated formulas which even as far back
as Archimedes' time were used to find the lengths of the sides of
triangles. Trigonometric functions had been invented but not
recognized as ratios. Euler tied the whole thing together into one
consistent whole - just as it is taught in schools today.

Trigonometry, perhaps more than any other branch of mathematics,
developed as the result of a continual and fertile interplay of supply
and demand: the supply of applicable mathematical theories and tech-
niques available at any given time and the demards of a single applied

6
science, astronomy.

The same sort of varied interaction between theory and appli-
cation also took place continually within the body of the theoretical
material itself - interaction between numerical analysis and geometry,
Algebraic considerations, in the sense of discrete operations performed
on classes of objects, played an early and essential role, although the
symbolism frequently thought of as the hallmark of algebra was not intro-

duced until the sixteenth century. Thus the history of trigonometry

exhibits within itself the embryonic growth of three classical divisions

61D. J. Struik, ed., A Source Book in Mathematics, 1200 - 1800

(Cambridge, Massachusetts: Harvard University Press, 1969), p. 346,

62Muir, p. 145,

63National Council of Teachers of Mathematics, p. 333.
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of mathematics: algebra, analysis, and geometry.64

4National Council of Teachers of Mathematics, p. 333.



CHAPTER IV

QUADRATIC EQUATIONS

Origins in the Ancient Cultures

Early mathematics required a practical basis for its development,
and such a basis arose with the evolution of more advanced forms of
society, It was along some of the great rivers of Africa and Asia that
the new forms of society made their appearancé, the Nile in Africa, the
Tigris and Euphrates in western Asia, the Indus and then the Ganges in
south-central Asia, and the Hwang Ho and then the Yangtze in eastern
Asia, With marsh drainage, flood control, and irrigation, it was
possible to convert the lands along such rivers into rich agricultural
regions,

Extensive projects of this sort not only knit together previ-
ously separated localities, but the engineering, financing, and adminis-
tration of both the projects and the purposes for which they were
created required the development of considerable technical knowledge and
its concomitant mathematics.,

This same era, the fourth millennium before our era, was a
period of remafkable cultural development, bringing with it the use of
writing, of the wheel, and of metals, "As in Egypt during the first

dynasty, which began toward the end of this wonderful millennium, so

1Howard Eves, An Introduction to the History of Mathematics
(New York: Holt, Rinehart and Winstom, 1953), p. 27.
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also in the Mesopotamian valley, there was at the time a high order of
civilization."2
The Mesopotamian civilizations of antiquity often are referred
to as Babylonian, although such a designation is not strictly correct.
The city of Babylon was not at first, nor was it alwaYs at later peri-
ods, the center of the culture associated with the two rivers, but con-
vention has sanctioned the informal use of the name "Babylonian" for the
region during the interval from about 2000 to roughly 600 B.C.3
Our sources of information concerning the level of Mesopotamian
mathematics are profuse, Many hundreds of tablets in the cuneiform
script deal with problems which we should now call élgebraic.4 Algebra
reached a considerably higher level in Mesopotamia than in Egypt.
Many problem texts from the 0ld Babylonian period show that the
solution of the complete three-term quadratic equation afforded the
Babylonians no serigus difficulty, for flexible algebraic operations
had been developed.5
Eves supports this information for he states:
By 2000 B.C. Babylonian arithmetic had evolved into a well-developed
rhetorical, or prose, algebra. Not only were quadratic equations
solved, both by the equivalent of substituting in a general formula
and by completing the square, but some cubic (third degree) and bi-
quadratic (fourth degree) equations were discussed.

The Babylonians could transpose terms in an equation by adding

equals to equals, and they could multiply both sides by like quantities

»2Car1 B. Boyer, A History of Mathematics (New York: John Wiley

& Sons, Inc., 1968), p. 26.

3bid.

4Lancelot Hogben, Mathematics in the Making (New York: Doubleday
& Company, Inc., 1960), p. 56.

5Boyer, p. 33.

®Eves, pp. 31-32.
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to remove fractions or to eliminate factors. By adding 4ab to (a - b)2
they could obtain (a + bjz, for they were familiar with many simple
forms of factoring.7

The solution of a three-term quadratic equation seems to have
exceeded by far the algebraic capabilities of the Egyptians, but
Neugebauer in 1930 disclosed that

such equations had been handled effectively by the Babylonians in
some of the oldest problem texts, For instance, one problem is
equivalent to solving x2 - x = 870, The Babylonian solution is, of
course, exactly equivalent to the formula, x = \/(p/q)2 +q +p/2,
for a root of the equation, x2 - px = q, - the quadratic formula
that is familiar to schoolboys of today.

Until modern times there was no thought of solving a quadratic
equation of the form x? + px + q = 0, where p and q are positive, for
the equation has no positive root., Consequently, quadratic equations in
ancient and Medieval times - and even in the early modern period - were
classified under three types: (1) x? + px = q, (2) x% = px + q, and (3)
x2 + g = px. All three types are found in Old Babylonian texts of some
4000 years ago.9 The Babylonians

had worked out the general rule for solving such equations, though
their coefficients were small and fairly easy to manipulate; and
while they had some knowledge of negative numbers, the negative root
of a quadratic equation was always ignored.

"The Babylonian reduction of a quadratic equation of the form

2

ax? + bx = ¢ to the normal form y“ + by = ac through the substitution

y = ax shows the extraordinary degree of flexibility in Mesopotamian

7Boyer, p. 33.

8ibid., p. 34,

9Eves, P. 34,

10
H, A, Freebury, A History of Mathematics (New York: Macmillan

Company, 1961), p. 15.
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algebra."11 This facility, coupled with the place-value idea in compu-
tation, accounts in large measure for the superiority of the Babylonians
in mathematics., 1In fact, Babylonian algebra '"had reached such an ex-

traordinary level of abstraction that the equations ax* + bx? = ¢ and

ax8 + bx4 = ¢ were recognized as nothing worse than quadratic equations
in disguise - that is, quadratics in x2 and x‘*."12 Hogben believes,
however, that "it would be wrong to infer that the Babylonians envisaged
what we should call a general solution of the quadratic."l

The algebraic achievements of the Babylonigns are admirable, but
the motives behind this work are not easy to understand. It commonly
has been supposed' that vi£tually'all pre;Hellenic science and mathe-
matics were purely utiligarian; but what sort of real-life situation in
ancient Babylon could possibly lead to.prqblems involving the sum of a
number and its reciprocal or av&ifference between an area and a length?
If utility was the motive, then the cult of immediacy was less stréng
than it is now, for direct connections between purpose and practice in
Babylonian mathematics are far from apparent.

The mathematics of ancient Egypt, as has been said, never
reached the level attained by Babylonian mathematics, Yet Cajori states
that "all Greek writers are unanimous in ascribing, without envy, to
Egypt the priority of invention in the mathematical sciences."14 The

Egyptians built the pyramids at a very early period. Surely a people

llBoyer, p. 36.

120454,

13Hogben, Mathematics in the Making, p. 61,

4Florian Cajori, A History of Mathematics (New York: Macmillan
Company, 1938), p. 9.
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engaging in enterprises of such magnitude must havé known something of
mathematics - at least of practical mathematics. Aristotle said, éccord-
ing toACajoriG that "mathematics had its birth in Egypt because there the
priestly class had the leisure needful for the study of it."15

Algebra appeared in Egypt almost as soon as in Babylonia; but
Egyptian algebra lacked the sophistication in method shown by Babylonian
algebra, as well as its variety in types of equations solved, if we are
to judge by the Moscow papyrus and the Rhind papyrus - Egyptian docu-
ments dating fgom about 1850 B,C, and 1650 B,C. respectively but reflect-
ing mathemaﬁical methods derived from an earlier period. For linear
equations tﬁe Egyptians uged a method af solution consisting of an ini-
tial estimate followed by a final correction - a method to which Euro-
peans later gave the name - rule of false position.16

The rule of false position enabled them to solve an equation,
such as x + x/7 = 24, in the following manner, "Assume any convenient
value for x, say x = 7. Then x + x/7 = 8, instead of 24, Since 8 must
be multiplied by 3.to give the required 24, the correct x must be 3(7),
or 21."17

Similarly, the Berlin Papyrus (c. 2160-1700 B.C.) contains in-
stances of quadratic equations that seem to have -been solved by the rule
of false position, The method of solving one seems to have been sub-

stantially as follows., Given x + y2 = 100, and y = 3/4 x. Then assum-

ing x =1, y = 3/4, xz +y2 =1+ 9/16 = 25/16. The true value of x is

15Cajori, A History of Mathematics, p. 9.

16National Council of Teachers of Mathematics, Historical Topics
for the Mathematics Classroom, Thirty-first Yearbook (Washington, D.C.:
National Council of Teachers of Mathematics, 1969), p. 237,

17Eves, p. 39.
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then the square root of 100 + 25/16 or 8, and y = 8(3/4) or 6.18

From this it is clear that the examples of Egyptian mathematics
in our possession are very practical and deal with numbers only. They
were not interested in why the answer to a problem was so, only that it
was .

It is for this reason that we cannot refer to them, or the
Mesopotamians, as the true founders of the science of mathematics.
Yet this does not mean that we must belittle the wonderful achieve-
ments that these people accomplished,

Greek algebra as formulated by the Pythagoreans (c. 540 B.C.)
and Euclid (c. 300 B.C.,) was geometric. There is no doubt that the
Pythagoreans were quite familiar with Babylonian algebra and that, in
fact, they followed the standard Babylonian methods of solving equations,
Euclid has recorded these Pythagorean results and has redone most of the
standard Babylonign problems geometrically.20

Smith states that '"the Greeks were able to solve the quadratic
equation by geometric methods."21 Euclid has in his Data three problems
involving quadratics., It will be noticed that among other propositions
in Euclid's second book we get geometric solutions of the equations
22

a(a - x) = x2, that is x2 + ax - a2 = 0, and x? - ab = 0,

Just when Greek algebra changed from a geometrical form to an

18Vera Sanford, Short History of Mathematics (Atlanta: Houghton
Mifflin Company, 1930), pp. 165-66,

19Freebury, p. 30.
2ONational Council of Teachers of Mathematics, p. 237.

21David Eugene Smith, History of Mathematics, Vol., II: Special
Topics of Elementary Mathematics (Boston: Ginn and Company, 1925),
p. 444,

22

W. W. Rouse Ball, A Short Account of the History of Mathe-

matics (London: Macmillan and Co,, Limited, 1940), p. 58.
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arithmetical one is not known, but this probably occurred as early as
the time of Euclid. Of tremendous importance tozthé development of
algebra, and of great influence on later EUropeaﬁ number theorists, was
Diophantus of Alexandria who lived during the third century.

If we except the Ahmes papyrus, which‘contains the first sugges-
tions of algebraic notation, and qf thé solution of equations, then
Diophantus' Arithmetica is the earliest treatise on algebra now extant.23
This is not to say, however, that

Diophantus invented it, for, as we have read, the Mesopotamians and
Egyptians were interested in algebra, but were hindered in this
direction by a lack of symbols. Rather, we say that Diophantus
developed it.2 : .

The Arithmetica of Diophantus "is an analytical treatment of
algebraic number theory and marks the author as a genius in this field,zq
The extant porﬁion of the work is devoted to the solution of about 130
problems, of considerable variety, leading to equations of the first and
second degree, Striking is the lack of general.methods and the repeated
application’of ingenious devices designed for the needs of each indi-
vidual problem. Diophantus recognized only positive rational answers
and was, in most cases, satisfied with only one answer to a problem.26

Throughout the six surviving books of the Arithmetica there is a
systematic use of abbreviations for powers of numbers and for relation-

ships and operations. With such notation as Diophantus used the expres-

sion 2x* + 3x3 - 4x? + 5x - 6 might appear in the form SS2 C3 x5 M S4

23Cajori, A History of Mathematics, p. 60.

24Freebury, p. 58,

25Eves, p. 159,

281414d., pp. 159-60.
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u6, where the English letters S, C, x, M, and u have been used for
square, cube, the unknown, minus, and unit, respectively, and with our
present numerals in place of the Greek alphabetic notation that was used
in the days of Diophantus.27

"Diophantus had no notion whatever of negative numbers standing
by themselves."28 It seems that all he knew were differences, such as
(2% - 10), in which 2x could not be smaller than 10 without leading to
an absurdity. He appears to be the first who could perform such opera-
tions as (x - 1)(x - 2) without reference to geometry,

"Diophantus nowhere goes through with the whole process of solv-
ing quadratic equations; he mérely states the result. Thus, 84x2 + 7x

n29 From partial explanations found here and

= 7, whence x is found = %,
there it appears that the quadratic equation was so written that all
terms were positive, Hence, from the pointvof view of Diophantus, there
were three cases of equations with a posifi;e root: ax? 4 bx = c, ax? =
bx + ¢, ax2 + ¢ = bx, each casé requiring a rule siightly different from
the other two.

The failure of Diophantus to observe that a quadratic equation
has two roots, even when both roots are bositi#e, is rather surprising.
It must be remembered, however, that this same inability to perceive
more than one of the several solutions to which a problem may point is

common to all Greek mathematicians, Another observation is that he

, . . . . . . 30
never accegpks as an answer a quantity which is negative or irrational.

’poyer, pp. 201-202.

8Cajori, A History of Mathematics, p. 61,

291p1d.

3-foEves, p. 160,



